Introduction {#Sec1}
============

The non-linear Einstein vacuum equations with cosmological constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Ric \left[ g\right] = \Lambda g, \end{aligned}$$\end{document}$$constitute a complicated coupled quasi-linear hyperbolic system of partial differential equations for a Lorentzian metric *g*. The past few decades have seen fundamental progress in understanding the global dynamics of solutions to ([1](#Equ1){ref-type=""}). In particular, a satisfactory answer -- asymptotic stability -- has been given for the dynamics of ([1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda >0$$\end{document}$; as well as for the ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda >0$$\end{document}$) Kerr-dS black hole spacetimes \[[@CR4]\]. Today, the dynamics near black hole solutions of ([1](#Equ1){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda =0$$\end{document}$ is a subject of intense investigation \[[@CR5], [@CR6]\], with the current state-of-the-art being the results in \[[@CR7]\] establishing the linear stability of Schwarzschild, and \[[@CR8]\] establishing nonlinear stability for Schwarzschild within a restricted symmetry class.

In contrast to the above, the global dynamics of ([1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda <0$$\end{document}$ near anti-de Sitter space (AdS), the maximally symmetric solution of the vacuum Einstein equations with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda <0$$\end{document}$, the PDE problem associated with ([1](#Equ1){ref-type=""}) takes the form of an initial boundary value problem. Therefore, even to construct local in time solutions, one needs to understand what appropriate (well-posed, geometric) boundary conditions are. It also suggests that the global behaviour of solutions starting initially close to the anti-de Sitter geometry may depend crucially on the choice of these boundary conditions \[[@CR9], [@CR10]\].

Using his conformal field equations, Friedrich \[[@CR10]\] constructed local in time solutions to ([1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda <0$$\end{document}$. (See also \[[@CR11]\] for a recent proof for Dirichlet conditions using harmonic gauge.) While in general it is quite intricate to isolate the geometric content inherent in the boundary conditions imposed (partly due to the large gauge freedom present in the problem), there is nevertheless a "conformal" piece of boundary data that does admit a physical interpretation. This goes back to the Bianchi equations,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ {\nabla }_g\right] ^a W_{abcd} = 0, \end{aligned}$$\end{document}$$satisfied by the Weyl-tensor of a metric *g* satisfying ([1](#Equ1){ref-type=""}). As is well known \[[@CR1]\], the equations ([2](#Equ2){ref-type=""}) can be used to estimate the curvature components of a dynamical metric *g*. The boundary data required for well-posed evolution of ([2](#Equ2){ref-type=""}) will generally imply a condition on the energy-flux of curvature through the timelike boundary. Two "extreme" cases seem particularly natural and interesting: The case when this flux vanishes, corresponding to reflecting (Dirichlet or Neumann) conditions, and the case when this flux is "as large as possible", corresponding to "optimally dissipative" conditions. While any such boundary data for ([2](#Equ2){ref-type=""}) will have to be complemented with other data (essentially the choice of a boundary defining function and various gauge choices) to estimate the full spacetime metric \[[@CR9]\], it is nevertheless reasonable, in view of the strong non-linearities appearing in the Einstein equations, to conjecture the following loose statement for the global dynamics of perturbations of AdS under the above "extreme" cases of boundary conditions:

Conjecture 1 {#FPar1}
------------

Anti-de Sitter spacetime is non-linearly unstable for reflecting and asymptotically stable for optimally dissipative boundary conditions.

The instability part of Conjecture [1](#FPar1){ref-type="sec"} was first made in \[[@CR12], [@CR13]\] in connection with work on five-dimensional gravitational solitons. See also \[[@CR14]\]. By now there exist many refined versions of this part of the conjecture as well as strong heuristic and numerical support in its favour \[[@CR15]--[@CR17]\]. In a series of papers \[[@CR18]--[@CR20]\], Moschidis has considered the stability problem for the AdS spacetime within spherical symmetry, in the presence of null dust or massless Vlasov matter, culminating in a proof of the instability of AdS for the Einstein--Massless Vlasov system in \[[@CR21]\].

The present paper is the first of a series of papers establishing the stability part of Conjecture [1](#FPar1){ref-type="sec"}. Here we contribute the first fundamental ingredient, namely robust decay estimates for the associated linear problem. Our interest in the case of dissipative boundary conditions in part goes back to the original work of Friedrich in \[[@CR10]\], which establishes that local well posedness does not single out a preferred boundary condition at null infinity. It is then reasonable to ask how questions of global existence depend on the choice of boundary condition. We also observe that to date the only solutions to the vacuum Einstein equations (regardless of boundary conditions) which are future-complete are necessarily stationary. See for example \[[@CR22]\] for general constructions of such spacetimes. A positive resolution of the stability part of Conjecture [1](#FPar1){ref-type="sec"} would necessarily imply the existence of truly dynamical, future-complete, solutions to ([1](#Equ1){ref-type=""}).

Linear field equations on AdS {#Sec2}
-----------------------------

An important prerequisite for any non-linear stability result is that the associated *linear* problem is robustly controlled \[[@CR23]\]. In the present (dissipative) context, this means that the mechanisms and obstructions for the decay of linear waves in the *fixed* AdS geometry should be understood and decay estimates with constants depending on the initial data available. We accomplish this by giving a complete description of the decay properties of three fundamental field equations of mathematical physics:(W)The conformal wave equation for a scalar function on the AdS manifold,[1](#Fn1){ref-type="fn"}$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Box _{g_{AdS}} u + 2u = 0. \end{aligned}$$\end{document}$$(M)Maxwell's equations for a two-form *F* on the AdS manifold, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} dF = 0 \ \ \ \text {and} \ \ \ d \star _{g_{AdS}} F = 0. \end{aligned}$$\end{document}$$(B)The Bianchi equations for a Weyl field *W* (see Definition [1](#FPar7){ref-type="sec"} below) on the AdS manifold $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left[ \nabla _{g_{AdS}}\right] ^a W_{abcd} = 0. \end{aligned}$$\end{document}$$Note that since AdS is conformally flat, equation ([5](#Equ5){ref-type=""}) is precisely the linearization of the full non-linear Bianchi equations ([2](#Equ2){ref-type=""}) with respect to the anti-de Sitter metric.

The models (W), (M), and (B) will be accompanied by dissipative boundary conditions. In general, to even *state* the latter, one requires a choice of boundary defining function for AdS and a choice of timelike vectorfield (or, alternatively, the choice of an outgoing null-vector) at each point of the AdS boundary. For us, it is easiest to state these conditions in coordinates which suggest a canonical choice for both these vectors. We write the AdS metric in spherical polar coordinates on $\documentclass[12pt]{minimal}
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                \begin{document}$$A=1,2$$\end{document}$) an orthonormal frame on the sphere of radius *r* defines an orthonormal frame for AdS. Finally, the vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t$$\end{document}$ singles out a preferred timelike direction.

In the case of the wave equation, the optimally dissipative boundary condition can then be stated as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\partial (r u)}{\partial t} + r^2\frac{\partial (r u)}{\partial r} \rightarrow 0, \qquad \text { as }r\rightarrow \infty . \end{aligned}$$\end{document}$$Note that $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t + \left( 1+r^2\right) \partial _r$$\end{document}$ is an outgoing null-vector. See also Sect. [4.1](#Sec20){ref-type="sec"}.

In the case of Maxwell's equations, we define the electric and magnetic field $\documentclass[12pt]{minimal}
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                \begin{document}$$H_i = \star _{g_{AdS}} F\left( e_0,e_i\right) $$\end{document}$ respectively. Here $\documentclass[12pt]{minimal}
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                \begin{document}$$\star _{g_{AdS}}$$\end{document}$ is the Hodge dual with respect to the AdS metric. The dissipative boundary condition then takes the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} r^2 \left( E_A + \epsilon _A{}^{B} H_B\right) \rightarrow 0, \quad {\text {as }} r \rightarrow \infty , \end{aligned}$$\end{document}$$which means that the Poynting vector points outwards, allowing energy to leave the spacetime.

Finally, in the case of the Bianchi equations, we define the electric and magnetic part of the Weyl tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{AB} = W\left( e_0,e_A,e_0,e_B\right) $$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{AB}=\star _{g_{AdS}} W \left( e_0,e_A,e_0,e_B\right) $$\end{document}$ respectively. Introducing the trace-free part of $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{E}_{AB} = E_{AB} - \frac{1}{2}\delta _{AB} E_C{}^C$$\end{document}$ and similarly for $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{AB}$$\end{document}$, the dissipative boundary conditions can then be expressed as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} r^3 \left( \hat{E}_{AB}+ \epsilon _{(A}{}^{C} \hat{H}_{B) C}\right) \rightarrow 0, \quad {\text {as }} r \rightarrow \infty . \end{aligned}$$\end{document}$$Interpreting the Bianchi equations as a linearisation of the full vacuum Einstein equations, we can understand these boundary conditions in terms of the metric perturbations as implying a relation between the Cotton-York tensor of the conformal metric on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {I}$$\end{document}$ and the "stress-energy tensor" of the boundary.[3](#Fn3){ref-type="fn"}

That the above boundary conditions are indeed correct, naturally dissipative, boundary conditions leading to a well-posed boundary initial value problem will be a result of the energy identity. While this is almost immediate in the case of the wave equation and Maxwell's equations, we will spend a considerable amount of time on the "derivation" of ([9](#Equ9){ref-type=""}) in the Bianchi case, see Sect. [4.3](#Sec28){ref-type="sec"}.

Note that we could consider a more general Klein-Gordon equation than (W):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Box _{g_{AdS}} u + a u = 0. \end{aligned}$$\end{document}$$Here the boundary behaviour of *u* is more complicated \[[@CR24]\], but a well posedness theory with dissipative boundary conditions is still available \[[@CR25]\] for *a* in a certain range. We restrict attention to the case $\documentclass[12pt]{minimal}
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                \begin{document}$$a \ne 2$$\end{document}$. In particular, it does not appear that the methods of this paper can be directly applied, even once allowance is made using the formalism of \[[@CR24]\] for the more complicated boundary behaviour of solutions.

The main theorems {#Sec3}
-----------------

We now turn to the results.

### Theorem 1.1 {#FPar2}
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                \begin{document}$$\Psi $$\end{document}$ is a scalar function and a smooth solution of ([3](#Equ3){ref-type=""}) subject to dissipative boundary condition ([7](#Equ7){ref-type=""}). We associate with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi $$\end{document}$ is a Maxwell-two-form and a smooth solution of ([4](#Equ4){ref-type=""}) subject to dissipative boundary conditions ([8](#Equ8){ref-type=""}). We associate with $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi $$\end{document}$ is a Weyl-field and a smooth solution of ([5](#Equ5){ref-type=""}) subject to dissipative boundary conditions ([9](#Equ9){ref-type=""}). We associate with $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _0^\infty dt \int _{\Sigma _t} \frac{\varepsilon [\Psi ]}{\sqrt{1+r^2}} r^2 dr d\omega \lesssim \int _{\Sigma _0} \frac{\varepsilon \left[ \Psi \right] +\varepsilon \left[ \partial _t \Psi \right] }{\sqrt{1+r^2}}r^2 dr d\omega . \end{aligned}$$\end{document}$$

### Remark 1 {#FPar3}

Similar statements hold for higher order energies by commuting with $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t$$\end{document}$ and doing elliptic estimates. As this is standard we omit the details.

### Corollary 1.2 {#FPar4}

(Uniform decay). Under the assumptions of the previous theorem the following uniform-in-time decay estimate holds for any integer $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{\Sigma _t} \frac{\varepsilon \left[ \Psi \right] }{\sqrt{1+r^2}}r^2 dr d\omega \lesssim \frac{1}{\left( 1+t\right) ^n} \int _{\Sigma _0} \frac{\varepsilon \left[ \Psi \right] +\varepsilon \left[ \partial _t \Psi \right] + \cdots + \varepsilon \left[ \partial _t^n \Psi \right] }{\sqrt{1+r^2}}r^2 dr d\omega . \end{aligned}$$\end{document}$$

What is remarkable about the above theorem is that the derivative loss occurring in (3) allows one to achieve integrated decay of the energy without loss in the asymptotic weight *r*. While it is likely that more refined methods can reduce the loss of a full derivative in (3), we shall however establish that *some* loss is necessary and in fact reflects a fundamental property of the hyberbolic equations on AdS: the presence of trapping at infinity.

### Theorem 1.3 {#FPar5}

With the assumptions of Theorem [1.1](#FPar2){ref-type="sec"}, the term $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon [\partial _t \Psi ]$$\end{document}$ on the right hand side of estimate (3) of Theorem [1.1](#FPar2){ref-type="sec"} is necessary: The estimate fails (for general solutions) if it is dropped.

We will prove Theorem [1.3](#FPar5){ref-type="sec"} only for the case of the wave equation (W), see ([45](#Equ45){ref-type=""}) and Corollary [5.8](#FPar63){ref-type="sec"}. The proof is based on the Gaussian beam approximation for the wave equation.[4](#Fn4){ref-type="fn"} In particular, we construct a solution of the conformal wave equation in AdS which contradicts estimate (3) of Theorem [1.1](#FPar2){ref-type="sec"} without the $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon [\partial _t \Psi ]$$\end{document}$-term on the right hand side. Similar constructions can be given for the Maxwell and the Bianchi case.[5](#Fn5){ref-type="fn"}

Overview of the proof of Theorem [1.1](#FPar2){ref-type="sec"} and main difficulties {#Sec4}
------------------------------------------------------------------------------------

The proof of Theorem [1.1](#FPar2){ref-type="sec"} is a straightforward application of the vectorfield method once certain difficulties have been overcome. Let us begin by discussing the proof in case of the wave- (W) and Maxwell's equation (M) as it is conceptually easier.

In the case of (W) and (M), statement (1) follows immediately from integration of the divergence identity $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {T}$$\end{document}$ being the energy momentum tensor of the scalar or Maxwell field respectively. In addition, in view of the dissipative condition, this estimate gives control over certain derivatives of *u* (certain components of the Maxwell field, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$H_A$$\end{document}$) integrated along the boundary.

The statement (2) of the main theorem is then obtained by constructing a vectorfield *X* (see ([17](#Equ17){ref-type=""})) which is almost conformally Killing near infinity. The key observations are that firstly, the right hand side of the associated divergence identity $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla ^a \left( \mathbb {T}_{ab} X^b\right) ={}^X\pi \cdot \mathbb {T}$$\end{document}$ controls all derivatives of *u* in the wave equation case (components of *F* in the Maxwell case). Secondly, when integrating this divergence identity, the terms appearing on the boundary at infinity come either with good signs (angular derivatives in the case of the wave equation, $\documentclass[12pt]{minimal}
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                \begin{document}$$H_{{\overline{r}}}$$\end{document}$ components in the Maxwell case) or are components already under control from the previous $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {T}_{ab} \left( \partial _t\right) ^b$$\end{document}$-estimate. The integrated decay estimate thus obtained comes with a natural degeneration in the *r*-weight, as manifest in the estimate (2) of Theorem [1.1](#FPar2){ref-type="sec"}.

To remove this degeneration we first note that in view of the fact that the vectorfield $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial _t$$\end{document}$ is Killing, the estimates (1) and (2) also hold for the $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t$$\end{document}$-commuted equations. In the case of the wave equation, controlling $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t \partial _t \psi $$\end{document}$ in $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ on spacelike slices implies an estimate for all spatial derivatives of $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ through an elliptic estimate. The crucial point here is that *weighted* estimates are required. Similarly, one can write Maxwell's equation as a three-dimensional div-curl-system with the time derivatives of *E* and *H* on the right hand side. Again the crucial point is that *weighted* elliptic estimates are needed to prove the desired results.

Once all (spatial) derivatives are controlled in a weighted $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ sense on spacelike slices one can invoke Hardy inequalities to improve the weight in the lower order terms and remove the degeneration in the estimate (2).

For the case of the spin 2 equations (B), the proof follows a similar structure. However, the divergence identity for the Bel-Robinson tensor (the analogue of the energy momentum tensor in cases (W) and (M)) alone *will not* generate the estimate (1). In fact, the term appearing on the boundary after integration does not have a sign unless one imposes an additional boundary condition! On the other hand, one can show (by proving energy estimates for a reduced system of equations, see Sect. [4.3.1](#Sec29){ref-type="sec"}) that the boundary conditions ([9](#Equ9){ref-type=""}) already uniquely determine the solution.[6](#Fn6){ref-type="fn"} The resolution is that in the case of the Bianchi equations one needs to prove (1) and (2) at the same time: Contracting the Bel-Robinson tensor with a suitable combination of the vectorfields $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t$$\end{document}$ and *X* ensures that the boundary term on null-infinity does have a favorable sign and so does the spacetime-term in the interior. Once (1) and (2) are established, (3) follows from doing elliptic estimates for the reduced system of Bianchi equations similar to the Maxwell case (M).

Remarks on Theorem [1.1](#FPar2){ref-type="sec"} {#Sec5}
------------------------------------------------

The estimates of Theorem [1.1](#FPar2){ref-type="sec"} remain true for a class of $\documentclass[12pt]{minimal}
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                \begin{document}$$C^k$$\end{document}$ perturbations of AdS which preserve the general properties of the deformation tensor of the timelike vectorfield $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{3}\partial _t +X$$\end{document}$, cf. the proof of Proposition [5.6](#FPar39){ref-type="sec"}. This includes perturbations which may be dynamical. This fact is of course key for the non-linear problem \[[@CR27]\].

The estimates of Theorem [1.1](#FPar2){ref-type="sec"} are stable towards perturbations of the optimally dissipative boundary conditions. In the cases of (W) and (M) one can in fact establish these estimates for any (however small) uniform dissipation at the boundary, cf. Sect. [6](#Sec40){ref-type="sec"}. Whether this is possible also in case of (B) is an open problem and (if true) will require a refinement of our techniques. In Sect. [6.2](#Sec45){ref-type="sec"} we discuss the case of Dirichlet conditions for (B) which fix the conformal class of the induced metric at infinity to linear order. The Dirichlet boundary conditions may be thought of as a limit of dissipative conditions in which the dissipation vanishes. We outline a proof of boundedness for solutions of the Bianchi equations in this setting. We also briefly discuss the relation of our work to the Teukolsky formalism in Sect. [6.3](#Sec46){ref-type="sec"}, and argue that the proposed boundary conditions of \[[@CR28]\] may not lead to a well posed dynamical problem. We state a set of boundary conditions for the Teukolsky formulation that *does* lead to a well posed dynamical problem.

Finally, one may wonder whether and how the derivative loss in Theorem [1.1](#FPar2){ref-type="sec"} manifests itself in the non-linear stability problem. In ongoing work \[[@CR27]\], we shall see that the degeneration is sufficiently weak in the sense that the degenerate estimate (2) will be sufficient to deal with the non-linear error-terms.

Main ideas for the proof of Theorem [1.3](#FPar5){ref-type="sec"} {#Sec6}
-----------------------------------------------------------------

In order to better understand both the geometry of AdS and the derivative loss occurring in (3) of Theorem [1.1](#FPar2){ref-type="sec"}, it is useful to invoke the conformal properties of AdS and the conformal wave equation ([3](#Equ3){ref-type=""}). Setting $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi \in \left( 0, \frac{\pi }{2}\right) $$\end{document}$ one finds from ([3](#Equ3){ref-type=""})$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{AdS} = \frac{1}{\cos ^2 \psi } \left( -dt^2 + d\psi ^2 + \sin ^2 \psi d\Omega _{\mathbb {S}^2}^2\right) =: \frac{1}{\cos ^2 \psi } g_{E}, \end{aligned}$$\end{document}$$and hence that AdS is conformal to a part of the Einstein cylinder, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R} \times \mathbb {S}^3_h \subset \mathbb {R} \times \mathbb {S}^3$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi = \frac{\pi }{2}$$\end{document}$ being its equatorial boundary. The wave equation ([3](#Equ3){ref-type=""}) is called *conformal* or *conformally invariant* because if *u* is a solution of ([3](#Equ3){ref-type=""}), then $\documentclass[12pt]{minimal}
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                \begin{document}$$v := \Omega u$$\end{document}$ is a solution of a wave equation with respect to the conformally transformed metric $\documentclass[12pt]{minimal}
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                \begin{document}$$g = \Omega ^2 g_{AdS}$$\end{document}$. This suggests that understanding the dynamics of ([3](#Equ3){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{AdS}$$\end{document}$ is essentially equivalent to that of understanding solutions of$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Box _{g_{E}} v - v = 0 \end{aligned}$$\end{document}$$on one hemisphere of the Einstein cylinder. This latter is a finite problem, which we will refer to as Problem 1 below.Problem 1: The wave equation ([12](#Equ12){ref-type=""}) on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}_t \times \mathbb {S}_h^3$$\end{document}$ (with the natural product metric of the Einstein cylinder) where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {S}_h^3$$\end{document}$ is the (say northern) hemisphere of the 3-sphere $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi =\frac{\pi }{2}$$\end{document}$, where (say optimally) dissipative boundary conditions are imposed. We contrast this problem withProblem 2: the wave equation ([3](#Equ3){ref-type=""}) on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}_t \times \mathbb {B}^3$$\end{document}$ (with the flat metric) where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {B}^3$$\end{document}$ is the unit ball with boundary $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {S}^2$$\end{document}$ where dissipative boundary conditions are imposed.For Problem 2 it is well-known that exponential decay of energy holds without loss of derivatives, see \[[@CR29]--[@CR31]\]. (It is an entertaining exercise to prove this in a more robust fashion using the methods of this paper.) For Problem 1, however, there will be a derivative loss present in any decay estimate, as seen in Theorem [1.1](#FPar2){ref-type="sec"}.[7](#Fn7){ref-type="fn"}

This phenomenon can be explained in the geometric optics approximation for the wave equation. Recall that in this picture, the optimally dissipative boundary condition says that the energy of a ray is fully absorbed if it hits the boundary orthogonally. For rays which graze the boundary, the fraction of the energy that is absorbed upon reflection depends on the glancing angle: the shallower the incident angle, the less energy is lost in the reflection.

Now let us fix a (large) time interval $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ 0,T\right] $$\end{document}$ for both Problem 1 and Problem 2. To construct a solution which decays very slowly, we would like to identify rays which a) hit the boundary as little as possible and b) if they do hit the boundary, they should do this at a very shallow angle (grazing rays).

What happens in Problem 2, is that the shallower one chooses the angle of the ray, the more reflections will take place in $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ 0,T\right] $$\end{document}$. This is easily seen by looking at the projection of the null rays to the surface $\documentclass[12pt]{minimal}
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                \begin{document}$$t=0$$\end{document}$ (see figure).In sharp contrast, for Problem 1, the time until a null geodesic will meet the boundary again after reflection *does not depend on the incident angle*! This goes back to the fact that all geodesics emanating from point on the three sphere refocus at the antipodal point. As a consequence, in Problem 1 we can keep the number of reflections in $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ 0,T\right] $$\end{document}$ fixed while choosing the incident angle as small as we like. This observation is at the heart of the Gaussian beam approximation invoked to prove Theorem [1.3](#FPar5){ref-type="sec"}.

Structure of the paper {#Sec7}
----------------------

We conclude this introduction providing the structure of the paper. In Sect. [2](#Sec8){ref-type="sec"} we define the coordinate systems, frames and basic vectorfields which we are going to employ. Section [3](#Sec13){ref-type="sec"} introduces the field equations of spin 0, 1 and 2 fields, together with their energy momentum tensors. The well-posedness under dissipative boundary conditions for each of these equations is discussed in Sect. [4](#Sec19){ref-type="sec"} with particular emphasis on the importance of the reduced system in the spin 2 case. Section [5](#Sec30){ref-type="sec"} is at the heart of the paper proving the global results of Theorem [1.1](#FPar2){ref-type="sec"}, first for the spin 0 (Sect. [5.1](#Sec31){ref-type="sec"}), then the spin 1 (Sect. [5.2](#Sec32){ref-type="sec"}) and finally the spin 2 case (Sect. [5.3](#Sec33){ref-type="sec"}). Corollary [1.2](#FPar4){ref-type="sec"} is proven in Sect. [5.4](#Sec34){ref-type="sec"} and Theorem [1.3](#FPar5){ref-type="sec"} in Sect. [5.5](#Sec35){ref-type="sec"}. We conclude the paper outlining generalizations of our result. Some elementary computations have been relegated to the appendix.

Preliminaries {#Sec8}
=============

Coordinates, Frames and Volume forms {#Sec9}
------------------------------------

We will consider the so-called "global" anti-de Sitter space-time, defined on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{AdS} = -\left( 1+r^2 \right) dt^2 + \frac{dr^2}{1+r^2} + r^2 d\Omega _{\mathbb {S}^2}^2 \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\Omega _{\mathbb {S}^2}^2$$\end{document}$ the standard round metric on the unit sphere. As long as there is no risk of confusion, we will also denote the metric by *g*. It will be convenient to introduce an orthonormal basis $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$A=1,2$$\end{document}$, where are an orthonormal basis for the round sphere[8](#Fn8){ref-type="fn"} of radius *r*. Throughout this paper, we will use capital Latin letters for indices on the sphere while small Latin letters are reserved as spacetime indices. The dual basis of vector fields is denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$\{e_a\}$$\end{document}$:We introduce the surfaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\Sigma }^{[T_1, T_2]}_R = \{r =R, T_1\le t \le T_2\}$$\end{document}$, which have respective unit normals:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} n := e_0, \qquad m:= e_{\overline{r}}. \end{aligned}$$\end{document}$$The surface measures on these surfaces are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} dS_{\Sigma _T} = \frac{r^2}{\sqrt{1+r^2}} dr d\omega , \quad dS_{\Sigma _R} = r^2{\sqrt{1+r^2}} dt d\omega \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$d\omega $$\end{document}$ the volume form of the round unit sphere. We denote by $\documentclass[12pt]{minimal}
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                \begin{document}$$S_{[T_1, T_2]}:=\{T_1\le t \le T_2\}$$\end{document}$ the spacetime slab between $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma _{T_2}$$\end{document}$. Finally, the spacetime volume form is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} d\eta = r^2 dt dr d\omega . \end{aligned}$$\end{document}$$

Vectorfields {#Sec10}
------------

The global anti-de Sitter spacetime enjoys the property of being static. The Killing field$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T := \frac{\partial }{\partial t} = \sqrt{1+r^2} e_0 \end{aligned}$$\end{document}$$is everywhere timelike, and orthogonal to the surfaces of constant *t*.

Besides the Killing field *T*, we will exploit the properties of the vectorfield$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X := r \sqrt{1+r^2} \frac{\partial }{\partial r} = r e_{\overline{r}}. \end{aligned}$$\end{document}$$While the vectorfield *X* is not Killing, it is almost conformally Killing near infinity. More importantly, it generates terms with a definite sign. To see this, note that$$\documentclass[12pt]{minimal}
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Differential operators {#Sec11}
----------------------
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The divergence theorem {#Sec12}
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### Lemma 2.1 {#FPar6}
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The Field Equations {#Sec13}
===================

Spin 0: The wave equation {#Sec14}
-------------------------
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Spin 1: Maxwell's equations {#Sec15}
---------------------------

The Maxwell equations in vacuum are given by the following first order differential equations for a 2-form *F* on $\documentclass[12pt]{minimal}
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### The energy momentum tensor {#Sec16}

The analogue of the energy momentum tensor ([21](#Equ21){ref-type=""}) for the wave equation is the symmetric tensor$$\documentclass[12pt]{minimal}
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Spin 2: The Bianchi equations {#Sec17}
-----------------------------

The equations for a spin 2 field, also called the Bianchi equations, can be expressed as first order differential equations for a Weyl tensor, which is an arbitrary $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar7}
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As in the case of the Maxwell equations, it is convenient to decompose the Weyl tensor based on the $\documentclass[12pt]{minimal}
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We will further decompose *E*, *H* along the orthonormal frame defined in ([14](#Equ14){ref-type=""}). To write the equations of motion in terms of *E*, *H* we consider the equations $\documentclass[12pt]{minimal}
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### The Bel-Robinson tensor {#Sec18}

The spin 2 analogue of the energy momentum tensor for the Maxwell field is the Bel-Robinson tensor \[[@CR1], §7.1.1\]. This is defined to be$$\documentclass[12pt]{minimal}
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#### Lemma 3.1 {#FPar8}

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_1, t_2 \in T_p\mathcal {M}$$\end{document}$ are future-directed timelike unit vectors, and that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-g(t_1, t_2) \le B$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B\ge 1$$\end{document}$. Then there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{C B^4} Q(t_1, t_1, t_1, t_1) \le Q(t_i, t_j, t_k, t_l) \le {C B^4} Q(t_1, t_1, t_1, t_1) \end{aligned}$$\end{document}$$holds for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i, j, k, l \in \{1, 2\}$$\end{document}$. Moreover, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q(t_1, t_1, t_1, t_1) \ge 0$$\end{document}$, with equality at a point *p* if and only if *W* vanishes at *p*.
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Well Posedness {#Sec19}
==============

Dissipative boundary conditions {#Sec20}
-------------------------------

### Wave equation. {#Sec21}

For the wave equation, an analysis of solutions near to the conformal boundary leads us to expect that *u* has the following behaviour:$$\documentclass[12pt]{minimal}
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### Maxwell's equations {#Sec22}

In the Maxwell case, by (optimally) dissipative boundary conditions we understand the condition$$\documentclass[12pt]{minimal}
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### Bianchi equations {#Sec23}

In the case of the Bianchi equation, by (optimally) dissipative boundary conditions we understand the condition$$\documentclass[12pt]{minimal}
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The well-posedness statements {#Sec24}
-----------------------------

We now state a general well-posedness statement for each of our three models with dissipative boundary conditions. As is well-known, the key to prove these theorems is the existence of a suitable energy estimate under the boundary conditions imposed. In the Wave- and Maxwell case such an estimate is immediate. In the Bianchi case, however, there is a subtlety (discussed and resolved already in \[[@CR10]\]). We will dedicate Sect. [4.3](#Sec28){ref-type="sec"} to derive a local energy estimate showing that the condition ([42](#Equ42){ref-type=""}) indeed leads to a well-posed problem.

### Spin 0: The wave equation {#Sec25}

The following result can be established either directly, or by making use of the conformal invariance of ([20](#Equ20){ref-type=""}):

#### Theorem 4.1 {#FPar10}
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### Spin 1: Maxwell's equations {#Sec26}

Working either directly with ([25](#Equ25){ref-type=""}--[30](#Equ30){ref-type=""}), or else by making use of the conformal invariance of Maxwell's equations, it can be shown that:

#### Theorem 4.2 {#FPar11}
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The asymptotic conditions on the initial data are corner conditions that come from ensuring that the initial data are compatible with the boundary conditions. It is certainly possible to construct initial data satisfying the constraints and the corner conditions to any order. We could work at finite regularity, and our results will in fact be valid with much weaker assumptions on the solutions, but for convenience it is simpler to assume the solutions are smooth.

### Spin2: Bianchi equations {#Sec27}

In the case of the Bianchi equation we can prove:

#### Theorem 4.3 {#FPar12}

(Well posedness for the Bianchi system). Fix $\documentclass[12pt]{minimal}
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We will spend the remainder of this section to derive the key-energy estimate that is behind the proof of Theorem [4.3](#FPar12){ref-type="sec"}.[11](#Fn11){ref-type="fn"}

The modified system of Bianchi equations {#Sec28}
----------------------------------------

In order to establish a well posedness theorem for the initial-boundary value problem associated to the spin 2 equations, the natural thing to do is to consider the evolution equations (Evol) as a symmetric hyperbolic[12](#Fn12){ref-type="fn"} system. Having established existence and uniqueness for this system (Step 1), one can then attempt to show that the constraints (Con) are propagated from the initial data (Step 2).

If one attempts this strategy with the equations in the form given in Sect. [3.3](#Sec17){ref-type="sec"}, one finds that Step 1 causes no problems: one can easily derive an energy estimate for the system (Evol). In fact, it is a matter of simple calculation to check that taking:$$\documentclass[12pt]{minimal}
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### The modified equations {#Sec29}

In order to resolve this issue, we have to modify the propagation equations *before* attempting to solve them as a symmetric hyperbolic system. In the previous calculation, the problematic boundary terms arise due to the radial derivatives appearing on the right hand side of (Evol $\documentclass[12pt]{minimal}
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Notice also that, unlike the estimate ([43](#Equ43){ref-type=""}) for the (Evol) equations, we now have a bulk term in the energy estimate ([44](#Equ44){ref-type=""}). For well-posedness this is no significant obstacle, but it will make establishing global decay estimates more difficult. In particular, it is no longer immediate that solutions with Dirichlet boundary conditions remain uniformly bounded globally.

Now let us consider the propagation of the constraints. We of course have to interpret the $\documentclass[12pt]{minimal}
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To our knowledge, identifying the above modified system as the correct formulation to prove well-posedness goes back to Friedrich's work \[[@CR10]\]. In particular, Theorem [4.3](#FPar12){ref-type="sec"} above could be inferred from this paper.

Proof of the Main Theorems {#Sec30}
==========================

Proof of Theorem [1.1](#FPar2){ref-type="sec"} for Spin 0 {#Sec31}
---------------------------------------------------------

The Killing field *T* immediately gives us a boundedness estimate:

### Proposition 5.1 {#FPar13}

(Boundedness of energy). Let *u* be a solution of ([20](#Equ20){ref-type=""}) subject to dissipative boundary conditions ([40](#Equ40){ref-type=""}) as in Theorem [4.1](#FPar10){ref-type="sec"}. Define the energy to be:Then we have for any $\documentclass[12pt]{minimal}
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### Proof {#FPar14}

We have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text {Div} \left( {}^T\mathbb {J}\right) = 0. \end{aligned}$$\end{document}$$Integrating this over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{[T_1, T_2]}$$\end{document}$ we pick up terms from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma _{T_1}, \Sigma _{T_2}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\Sigma }_\infty ^{[T_1, T_2]}$$\end{document}$. A straightforward calculation shows$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _{\Sigma _t} {}^T\mathbb {J}_a n^a dS_{\Sigma _t} = E_t[u]. \end{aligned}$$\end{document}$$We also find$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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We next show an integrated decay estimate with a loss in the weight at infinity:

### Proposition 5.2 {#FPar15}

(Integrate decay estimate with loss). Let $\documentclass[12pt]{minimal}
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### Proof {#FPar16}

We integrate a current constructed from the (renormalized) energy momentum tensor ([21](#Equ21){ref-type=""}) and a radial vector field. The current is$$\documentclass[12pt]{minimal}
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### Lemma 5.1 {#FPar17}
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### Proof {#FPar18}

The vector field *X* has the deformation tensor:$$\documentclass[12pt]{minimal}
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### Lemma 5.2 {#FPar19}
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### Proof {#FPar20}
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For the other surface terms, we calculateso thatand the result follows since we already control the time and radial derivatives of *u* on the boundary by Theorem [5.1](#FPar13){ref-type="sec"}. $\documentclass[12pt]{minimal}
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This concludes the proof of Proposition [5.2](#FPar15){ref-type="sec"}, and establishes the claimed degenerate integrated decay without derivative loss result. $\documentclass[12pt]{minimal}
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We next improve the radial weight of the spacetime term in the integrated decay estimate, at the expense of losing a derivative.[15](#Fn15){ref-type="fn"}

### Proposition 5.3 {#FPar21}

(Higher order estimates). Let *u* be a solution of ([20](#Equ20){ref-type=""}) subject to ([40](#Equ40){ref-type=""}) as in Theorem [4.1](#FPar10){ref-type="sec"}. Then the estimateholds for some constant $\documentclass[12pt]{minimal}
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### Proof {#FPar22}

Let us define, for a solution of the conformal wave equation:By commuting with *T* and applying Proposition [5.2](#FPar15){ref-type="sec"}, we have$$\documentclass[12pt]{minimal}
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### Lemma 5.3 {#FPar23}

Let *K* be the vector field given byThen we have

### Proof {#FPar24}
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To prove Proposition [5.3](#FPar21){ref-type="sec"}, we simply insert ([47](#Equ47){ref-type=""}) into ([46](#Equ46){ref-type=""}) and handle the cross-term using Lemma [5.3](#FPar23){ref-type="sec"}. The boundary terms coming from $\documentclass[12pt]{minimal}
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This in particular controls the term . Since $\documentclass[12pt]{minimal}
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Finally, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\tilde{\partial }_r\partial _t u)^2$$\end{document}$ term appearing in Proposition [5.3](#FPar21){ref-type="sec"} is directly controlled by the *T*-commuted version of the estimates in Proposition [5.2](#FPar15){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We finally improve the weight in the spacetime term of Proposition [5.2](#FPar15){ref-type="sec"} making use of the fact that by Proposition [5.3](#FPar21){ref-type="sec"} we now control radial derivatives of and $\documentclass[12pt]{minimal}
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### Proof {#FPar26}
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From Lemma [5.4](#FPar25){ref-type="sec"} we establish:

### Theorem 5.1 {#FPar27}

(Full integrated decay). Let *u* be a smooth function such that $\documentclass[12pt]{minimal}
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### Proof {#FPar28}
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Combining Proposition [5.3](#FPar21){ref-type="sec"} with Theorem [5.1](#FPar27){ref-type="sec"} we have established the claimed non-degenerate integrated decay with derivative loss result for the wave equation.

Proof of Theorem [1.1](#FPar2){ref-type="sec"} for Spin 1 {#Sec32}
---------------------------------------------------------

The proof of the theorem for the Maxwell field follows a similar pattern to that of the conformal scalar field. There is a simplification owing to the fact that the energy-momentum tensor is trace-free, and the elliptic estimate takes a slightly different form.

### Proposition 5.4 {#FPar29}
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### Proof {#FPar30}
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We next show an integrated decay estimate with a loss in the weight at infinity:

### Proposition 5.5 {#FPar31}

(Integrated decay estimate with loss). Let $\documentclass[12pt]{minimal}
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We next seek to improve the weight at infinity at the expense of a derivative loss. The first stage in doing this is an elliptic estimate. First note that by commuting the equations with the Killing field *T* we have:$$\documentclass[12pt]{minimal}
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### Lemma 5.5 {#FPar33}

Let *K* be the vector fieldThen if *H* satisfies the constraint equation ([30](#Equ30){ref-type=""}) we have the identity

### Proof {#FPar34}
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Now consider the Maxwell equation ([26](#Equ26){ref-type=""}):squaring this and multiplying by $\documentclass[12pt]{minimal}
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### Theorem 5.2 {#FPar35}
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### Proof {#FPar36}
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### Theorem 5.3 {#FPar37}

(Full integrated decay). Suppose that *F* is a solution of Maxwell's equations, as in Theorem [4.2](#FPar11){ref-type="sec"}. Then we have$$\documentclass[12pt]{minimal}
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### Proof {#FPar38}
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Proof of Theorem [1.1](#FPar2){ref-type="sec"} for Spin 2 {#Sec33}
---------------------------------------------------------
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### Proposition 5.6 {#FPar39}

(Boundedness of energy and integrated decay estimate with loss). Let $\documentclass[12pt]{minimal}
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### Proof {#FPar40}

Let us now introduce the vector field$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Y = T + \frac{1}{\sqrt{3}} X. \end{aligned}$$\end{document}$$We certainly have that *Y* is timelike, since$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g(Y, Y) = -(1+r^2) + \frac{1}{3} r^2 = -1 -\frac{2}{3}r^2 <0. \end{aligned}$$\end{document}$$Moreover, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {}^Y \pi = \frac{1}{\sqrt{3}} \left( \frac{(e^0)^2}{\sqrt{1+r^2} }+ g \sqrt{1+r^2} \right) . \end{aligned}$$\end{document}$$The current that we shall integrate over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{[T_1, T_2]}$$\end{document}$ is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} J^a = Q^a_{bcd} Y^b Y^c Y^d. \end{aligned}$$\end{document}$$Clearly, we have by Lemma [3.1](#FPar8){ref-type="sec"} that the flux of *J* through a spacelike surface with respect to the future directed normal will be positive. Moreover, since *Q* is trace-free and divergence free, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {Div } J$$\end{document}$ will also be positive. To establish a combined energy and integrated decay estimate, we simply have to verify that the surface term on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {I}$$\end{document}$ has a definite sign (and check the weights appearing in the various integrals). We shall require some components of *Q*, which are summarised in the following Lemma:

### Lemma 5.6 {#FPar41}
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With our definition of the current *J* above, we apply the divergence theorem, Lemma [2.1](#FPar6){ref-type="sec"}. We now verify that all the terms have a definite sign.**Fluxes through**$\documentclass[12pt]{minimal}
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As we did in the Maxwell case, we shall now use the structure of the equations to allow us to establish (weighted) integrated decay estimates for all derivatives of the fields *E*, *H*. To control time derivatives we can simply commute with the Killing field *T* and apply Proposition [5.6](#FPar39){ref-type="sec"}. To control spatial derivatives we replace the time derivatives by the equations of motion and integrate the resulting cross terms by parts making use also of the constraints equations. The remarkable fact is that in the process we only see spacetime terms with good signs and lower order surface terms that we already control by the estimate before commutation.

We will note the following useful result, which allows the cross term to be integrated by parts:

### Lemma 5.7 {#FPar42}
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### Proof {#FPar43}
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### Proposition 5.7 {#FPar44}
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This gives all the desired estimates for the derivatives of *H*. As in the Maxwell case, similar bounds for the derivatives of *E* can be derived in an identical manner. $\documentclass[12pt]{minimal}
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Finally, much as in the Maxwell case, we apply the Hardy inequalities to establish integrated decay of the non-degenerate energy with the loss of a derivative:

### Theorem 5.4 {#FPar46}

(Full integrated decay). Suppose that *W* is Weyl tensor, satisfying the Bianchi equations with dissipative boundary conditions, as in Theorem [4.3](#FPar12){ref-type="sec"}. Then there exists a constant $\documentclass[12pt]{minimal}
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### Proof {#FPar47}

Using the result of Proposition [5.6](#FPar39){ref-type="sec"}, [5.7](#FPar44){ref-type="sec"} with the Hardy estimates of Lemma [5.4](#FPar25){ref-type="sec"} to improve the weights near infinity in the integrated decay estimates, making use of a cut-off in much the same way as for the spin 0 and spin 1 problems, we obtain the desired estimates for $\documentclass[12pt]{minimal}
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Proof of Corollary [1.2](#FPar4){ref-type="sec"} (uniform decay) {#Sec34}
----------------------------------------------------------------

In this subsection, we show a uniform decay rate for the solutions to the confomal wave, Maxwell and Bianchi equations, hence proving Corollary [1.2](#FPar4){ref-type="sec"}. We will in fact prove the uniform decay estimates for all of the equations at once by showing that this is a consequence of the bounds that we have obtained previously. The result below is a combination of relatively standard ideas (for example, see \[[@CR35]\] and Prop 3.1 (a) of \[[@CR36]\]), but for completeness we include a direct proof.

### Lemma 5.8 {#FPar48}
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### Proof {#FPar49}
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### Proof of Corollary 1.2 {#FPar50}

For the conformal wave and Maxwell equations, Corollary [1.2](#FPar4){ref-type="sec"} follows immediately by applying Lemma [5.8](#FPar48){ref-type="sec"} to the quantity$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {E}[\Psi ](t) = \int _{\Sigma _T} \frac{\varepsilon \left[ \Psi \right] }{\sqrt{1+r^2}}r^2 dr d\omega \end{aligned}$$\end{document}$$which is monotone decreasing and satisfies an integrated decay statement with loss of one derivative. For the Bianchi equations, this quantity is not monotone decreasing (merely bounded by a constant times its initial value). We can circumvent this by applying Lemma [5.8](#FPar48){ref-type="sec"} to the quantity:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {E}[W](t) = \int _{\Sigma _t} Q(e_0, Y, Y, Y) \frac{r^2}{\sqrt{1+r^2}} dr d\omega , \end{aligned}$$\end{document}$$which is monotone decreasing and satisfies an integrated decay statement with loss of one derivative. Noting that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {E}[W](t) \sim \int _{\Sigma _T} \frac{\varepsilon \left[ W\right] }{\sqrt{1+r^2}}r^2 dr d\omega , \end{aligned}$$\end{document}$$we are done. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Proof of Theorem [1.3](#FPar5){ref-type="sec"}: Gaussian beams {#Sec35}
--------------------------------------------------------------

It is noteworthy that in the first instance, for all of the integrated decay estimates we obtained above the *r*-weight near infinity is weaker than that for the energy estimate. In particular, in order to show a uniform-in-time decay estimate, we needed to lose a derivative. In this section, we show that without any loss, there cannot be any uniform decay statements for the conformal wave equation. Moreover, an integrated decay estimate with no degeneration in the *r*-weight does not hold.

In order to show this, we will construct approximate solutions to the conformally coupled wave equation for a time interval \[0, *T*\] with an arbitrarily small loss in energy. We will in fact first construct a Gaussian beam solution on the Einstein cylinder and make use of the fact that (one half of) the Einstein cylinder is conformally equivalent to the AdS spacetime to obtain an approximate solution to the conformally coupled wave equation on AdS.

In the following, we will first study the null geodesics on the Einstein cylinder. We then construct Gaussian beam approximate solutions to the wave equation on the Einstein cylinder. Such construction is standard and in particular we follow closely Sbierski's geometric approach \[[@CR26]\] (see also \[[@CR37], [@CR38]\]). After that we return to the AdS case and build solutions that have an arbitrarily small loss in energy.

### Geodesics in the Einstein cylinder {#Sec36}
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### Constructing the Gaussian beam {#Sec37}
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The main result[20](#Fn20){ref-type="fn"} of Sbierski regarding the approximate solution constructed above is the following theorem[21](#Fn21){ref-type="fn"} (see Theorems 2.1 and 2.36 in \[[@CR26]\]):
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#### Lemma 5.9 {#FPar52}
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### The conformal transformation {#Sec38}
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#### Lemma 5.11 {#FPar54}

Let *w* be a function on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}_E$$\end{document}$ restricted to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \le \frac{\pi }{2}$$\end{document}$. Then we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{(1+r^2)^{\frac{3}{2}}}( \Box _{g_E} w- w) = \Box _{g_{AdS}} \frac{w}{\sqrt{1+r^2}}+2\frac{w}{\sqrt{1+r^2}}. \end{aligned}$$\end{document}$$

#### Proof {#FPar55}

This can be verified by an explicit computation. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\quad \square $$\end{document}$

Fig. 1An typical null geodesic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ shown in black projected to a surface of constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ in the optical geometry of the Einstein cylinder (left). The corresponding curve for the anti-de Sitter spacetime, after reflections at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {I}$$\end{document}$ (right)

We are now ready to construct the approximate solution. To heuristically explain the construction, consider Fig. [1](#Fig1){ref-type="fig"}. On the left we sketch the curve $\documentclass[12pt]{minimal}
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The definition above is such that in the time interval $\documentclass[12pt]{minimal}
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#### Lemma 5.12 {#FPar56}
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We now show that the boundary terms are appropriately bounded in $\documentclass[12pt]{minimal}
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#### Lemma 5.13 {#FPar57}
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### Building a true solution {#Sec39}

Given the approximate solution constructed above, we are now ready to build a true solution to the homogeneous conformally coupled wave equation with dissipative boundary condition. To this end, we need a strengthening of Theorem [5.1](#FPar13){ref-type="sec"} which includes inhomogeneous terms:

#### Theorem 5.6 {#FPar59}
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#### Proof {#FPar60}
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#### Theorem 5.7 {#FPar61}
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#### Proof {#FPar62}
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#### Corollary 5.8 {#FPar63}
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                \begin{document}$$\begin{aligned} \int _0^\infty E_t[u] dt \le C E_0[u] \end{aligned}$$\end{document}$$holds for every solution *u* to the conformal wave equation with finite initial energy subject to dissipative boundary conditions.

Similarly, there exists no continuous positive function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_t[u] \le f(t) E_0[u], \end{aligned}$$\end{document}$$holds for every solution *u* to the conformal wave equation with finite initial energy subject to dissipative boundary conditions.

#### Remark 2 {#FPar64}

We are grateful to an anonymous referee, who points out that our construction above can in fact be adapted to establish the stronger statement that the degeneracy in *r* for the integrated decay rate established above is in fact optimal. That is to say for any $\documentclass[12pt]{minimal}
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Generalizations {#Sec40}
===============

Alternative boundary conditions {#Sec41}
-------------------------------

### Conformal Wave {#Sec42}

We assumed that our solution *u* satisfied the boundary condition$$\documentclass[12pt]{minimal}
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### Maxwell {#Sec43}

The boundary conditions that we assumed,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \in \mathbb {S}^2$$\end{document}$. In particular, our results hold for any Leontovic boundary condition \[[@CR34], §87\] satisfying ([63](#Equ63){ref-type=""}). Again, one could also permit other components of *E*, *H* to appear in the boundary condition with small coefficients and this can be handled by combining the energy and integrated decay estimates.

### Bianchi {#Sec44}

Recall that we are considering boundary conditions of the form:$$\documentclass[12pt]{minimal}
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Of course, this does not imply that boundary conditions which don't satisfy this inequality lead to growth, simply that our approach breaks down when the boundary conditions are too far from the "optimally dissipative" ones ([64](#Equ64){ref-type=""}).

The Dirichlet problem for (B) {#Sec45}
-----------------------------

Let us briefly discuss the Dirichlet problem for the Weyl tensor and its relation to the Dirichlet problem from the point of view of metric perturbations. In the latter, one wishes to fix, to linear order, the conformal class of the metric at infinity. Fixing the conformal class to be that of the unperturbed anti-de Sitter spacetime is equivalent to requiring that the Cotton-York tensor of the perturbed boundary metric vanishes. One may verify that the Cotton-York tensor of the boundary metric vanishes if and only if$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left| r^3\hat{H}_{AB} \right| + \left| r^3E_{A{\overline{r}}} \right| + \left| r^3H_{{\overline{r}}{\overline{r}}} \right| \rightarrow 0\qquad \text {as }r\rightarrow \infty , \end{aligned}$$\end{document}$$as can be established by considering the metric in Fefferman-Graham coordinates. Let us illustrate in what way fixing the conformal class of the metric on the boundary is a more restrictive condition than fixing Dirichlet-conditions on the Weyl tensor, $\documentclass[12pt]{minimal}
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It is possible to extract from the Bianchi equations a symmetric hyperbolic system on $\documentclass[12pt]{minimal}
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                \begin{document}$${r^3H_{{\overline{r}}{\overline{r}}}}$$\end{document}$ vanish at infinity for the initial data then this condition propagates. Moreover, it is easy to see how to construct a large class initial data satisfying this vanishing condition at infinity, as well as a large class *not* satisfying it illustrating that fixing the conformal class of the metric on the boundary is a more restrictive condition than purely fixing Dirichlet-conditions on the Weyl tensor.

In conclusion, for initial data satisfying the vanishing condition, we may return to the estimate ([43](#Equ43){ref-type=""}) and establish directly that solutions of the Bianchi system representing a linearised gravitational perturbation fixing the conformal class of the boundary metric are bounded. This is in accordance with the results of \[[@CR39]\], in which it is shown that metric perturbations obeying the linearised Einstein equations can be decomposed into components which separately obey wave equations admitting a conserved energy.

The relation to the Teukolsky equations {#Sec46}
---------------------------------------

We finally contrast our result with an alternative approach to study the spin 2 equations on AdS, which has a large tradition in the asymptotically flat context and relies on certain curvature components satisfying decoupled wave equations. As we will see below, however, in the AdS context this approach merely obscures the geometric nature of the problem and does not provide any obvious simplification as the resulting decoupled equations couple via the boundary conditions (and moreover do not admit a conserved energy).
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Let us see what the appropriate boundary conditions to impose on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left| r^2 \frac{\partial }{\partial r} \left[ r^3(\Psi ^+ + \Psi ^- )\right] \right| \rightarrow 0\qquad \text {as }r\rightarrow \infty . \end{aligned}$$\end{document}$$We should of course not be surprised that the two Teukolsky equations couple at the boundary. The two scalar functions $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi ^\pm $$\end{document}$ represent the outgoing and ingoing radiative degrees of freedom. Since the Dirichlet boundary conditions are reflecting, one should of course expect that the two components couple at the boundary. The pair of equations ([66](#Equ66){ref-type=""}) with the boundary conditions ([67](#Equ67){ref-type=""}), ([68](#Equ68){ref-type=""}) forms a well posed system of wave equations, as may be seen for instance with the methods of \[[@CR24]\]. In any case, there seems to be no advantage in studying this coupled system of wave equations over the first order techniques of this paper.

We remark that the Teukolsky approach was recently used in \[[@CR28]\] to consider perturbations of the Kerr-AdS family of metrics (which includes anti-de Sitter for $\documentclass[12pt]{minimal}
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                \begin{document}$$a=m=0$$\end{document}$). In this paper, the Teukolsky equation is separated and a boundary condition (preserving the conformal class of the metric at infinity) is proposed for the radial part of each mode of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi ^{\pm }$$\end{document}$*separately*. This appears to contradict our discussion above. When one examines equations (3.9--12) of \[[@CR28]\] one sees spectral parameters appearing up to fourth order.[24](#Fn24){ref-type="fn"} Returning to a physical space picture, these will appear as fourth order operators on the boundary. Accordingly, it is far from clear whether these boundary conditions can be meaningfully interpreted as giving boundary conditions for a dynamical evolution problem. Indeed, our heuristic argument for the coupling strongly suggests that the conditions of \[[@CR28]\] understood as boundary conditions for a dynamical problem *cannot* give rise to a well posed evolution. That is not to say that these boundary conditions are not suitable for calculating (quasi)normal modes: any such mode will certainly obey these conditions, providing a useful trick to simplify such computations.

7. Appendix {#Sec47}
===========

7.1. Proof of Lemma [5.3](#FPar23){ref-type="sec"} {#Sec48}
--------------------------------------------------

### Proof {#FPar65}

Let us first consider the first two terms of *K*. We setCalculating with the expression for the divergence of a vector field ([19](#Equ19){ref-type=""}), we findFinally, takingwe calculateAdding these two contributions, we arrive at the result. $\documentclass[12pt]{minimal}
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7.2. Proof of Lemma [5.5](#FPar33){ref-type="sec"} {#Sec49}
--------------------------------------------------

Let us introduceFrom the expression ([19](#Equ19){ref-type=""}) for the divergence of a vector field, we can quickly establish that, owing to cancellation between the mixed partial derivatives, we haveso thatHere we have used the constraint equation to pass from the first to the second line. This completes the proof.

7.3. Proof of Lemma [5.7](#FPar42){ref-type="sec"} {#Sec50}
--------------------------------------------------

This is a straightforward calculation with the formula for the divergence of a vector field ([19](#Equ19){ref-type=""}). We findHere, we have used the constraint equation in passing from the second equality to the third by replacing with a term involving $\documentclass[12pt]{minimal}
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To simplify the algebra we choose $\documentclass[12pt]{minimal}
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The causal nature of this boundary is clearer in the Penrose picture discussed in Sect. [1.5](#Sec6){ref-type="sec"} below.

We use here the nomenclature of the putative AdS/CFT correspondence.

See \[[@CR26]\] for a discussion of the Gaussian beam approximation on general Lorentzian manifolds.

These will be more involved in view of the fact that the equations involve constraints.

The introduction of this system in the context of the full non-linear problem goes back to \[[@CR10]\].

It is straightforward to translate the estimates established for ([3](#Equ3){ref-type=""}) in Theorem [1.1](#FPar2){ref-type="sec"} into the conformal picture currently discussed.

Obviously there's no global orthonormal basis for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {S}^2$$\end{document}$. We can either take multiple patches, or else understand the capital Latin indices as abstract indices.

When acting on a scalar, we will sometimes write $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\nabla }_\mu f =: \tilde{\partial }_\mu f$$\end{document}$.
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                \begin{document}$$\epsilon _{12} = 1$$\end{document}$ in this basis.

Theorem [1.1](#FPar2){ref-type="sec"} of course establishes a stronger (global) estimate. The key point here is to explain why the naive approach using only the Bel-Robinson tensor and the Killing fields fails and also to derive the (reduced) system of equations which will be needed in the second part of the proof of Theorem [1.1](#FPar2){ref-type="sec"}.

Or at least Friedrichs *symmetrizable*, but the distinction is not important for our purposes. The key issue is the existence of a good energy estimate. Providing this exists, putting the system into symmetric hyperbolic form is straightforward.

Here and elsewhere, in expressions like $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| E_{A{\overline{r}}} \right| ^2 +\left| E_{AB} \right| ^2$$\end{document}$, contraction over the indices *A*, *B* etc. is implied, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| E_{A{\overline{r}}} \right| ^2 +\left| E_{AB} \right| ^2 = E_{A{\overline{r}}}E^A{}_{\overline{r}}+ E_{AB}E^{AB}$$\end{document}$.
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                \begin{document}$$E_{AB}=0$$\end{document}$ on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {I}$$\end{document}$ will clearly lead to a unique solution of the modified system. On the other hand, the same boundary condition will not completely fix the boundary term occurring in ([43](#Equ43){ref-type=""}) in the unmodified formulation, illustrating the severe drawback of the latter.

We shall take the frugal approach of commuting with the timelike Killing field. If one is happy to exploit the angular symmetries of AdS, our approach can be simplified.

Notice that there is no surface term contribution at infinity arising from due to the decay of the angular derivative of *H* in *r* by the local well-posedness theorem (Theorem [4.2](#FPar11){ref-type="sec"}).

As we will see in the proof, the key difference to the case of the wave- and Maxwell's equations is that here we will have to establish both these estimates at the same time!
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                \begin{document}$$C^{-1} f \le g \le C f$$\end{document}$.
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                \begin{document}$$\frac{1}{\sqrt{3}}$$\end{document}$ appearing in the definition of *Y* was chosen to arrange a cancellation between these terms.

Translated into our notation, the result in \[[@CR26]\] requires the following bounds on the geometry of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -C\le g(\partial _t,\partial _t)\le c<0,\,|\nabla \partial _t(\partial _t,\partial _t)|+|\nabla \partial _t(\partial _t,e_i)|+|\nabla \partial _t(e_i,e_j)|\le C, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$e_i$$\end{document}$ is an orthonormal frame on the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {S}^3$$\end{document}$ slice. These estimates are obviously satisfied in our setting.

Regarding point (4) in the theorem below, the original work of Sbierski gives a more general characterization of the energy of Gaussian beams in terms of the the energy of geodesics on general Lorentzian manifold. Since in our special setting, the energy of a geodesic is conserved, we will not record the most general result but will refer the readers to \[[@CR26]\] for details.
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                \begin{document}$$(r, t,\theta ,\phi )$$\end{document}$ do not quite cover AdS, and so some care must be taken at the axis. For the purposes of this section, we shall ignore this difficulty.

In the general case, their trace on the boundary can de determined by solving transport equations as outlined in Sect. [6.2](#Sec45){ref-type="sec"}.

In the presence of rotation things are even worse, as the square root in the boundary conditions implies that the operator on the boundary is *non-local*.

**Publisher\'s Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

G.H. is grateful for the support offered by a grant of the European Research Council (Grant No. 337488). G.H., J.S. and C.M.W. are grateful to the Newton Institute for support during the programme "Mathematics and Physics of the Holographic Principle". J.L. thanks the support of the NSF Postdoctoral Fellowship DMS-1204493. J.S. acknowledges funding from the European Research Council under the European Union's Horizon 2020 research and innovation program (project GEOWAKI, grant agreement 714408).

[^1]: Communicated by P. Chrusciel
